In this paper, a class of nonperiodic discrete wave equations with Dirichlet boundary conditions are obtained by using the center-difference method. It is a strongly indefinite discrete Hamiltonian system. By using a variant and generalized weak linking theorem, the existence of the nontrivial time homoclinic solutions for the system will be obtained. The obtained main results here allow the classical Ambrosetti-Rabinowitz superlinear condition to be replaced by a general superquadratic condition. Such a method cannot be used for the corresponding continuous wave equations, however, it is valid for some general discrete Hamiltonian systems. Similarly, the existence of homoclinic periodic solutions can also be considered.
Introduction
Consider a nonlinear wave equation of the form u tt -u xx + au -γ (t)g(t, u) = ,  < x < π, t ∈ R,
with the Dirichlet boundary conditions
u(, t) =  = u(π, t). ()
Let Z be the set of all integers and R be the set of all real numbers. For any integers k and l with k < l, denote [k, l] = {k, k + , . . . , l}. By using the center-difference method for the space variable x and the time variable t, we can obtain a discrete analog of () 
where h >  is the time step size, N is a positive integer, and the space step size is π/(N + ). Problem () can also be rewritten by vector and matrix in the form  U n- + δ  AU n + αU n -γ n ∇H(n, U n ) = , n ∈ Z,
where
and
The aim of this paper is to study the existence of homoclinic solution for discrete wave equation (), or equivalently (). A homoclinic solution of () is a solution which is asymptotic to a constant state as the time variable n → ±∞. In view of the Smale-Šil'nikovBirkhoff theorem, the dynamics near transversal homoclinic orbits is chaotic in the sense of Li-Yorke or Devaney; see [-] and the references therein. So, the research on the existence of homoclinic solutions plays an important role in the understanding of the complicated dynamical behavior.
For discrete Hamiltonian systems similar to (), thanks to the variational structure, the variational methods have contributed greatly to the investigation of the existence of homoclinic solutions, many solvability conditions are given. However, to the best of our knowledge, we find that among the related results one or more of the following conditions are needed:
(P) The linear operator L : ( (P) In the superquadratic case, most papers need the Ambrosetti-Rabinowitz condition, that is, there exist constants μ >  and M >  such that 
where L is a Jacobi operator given by Lu n = a n u n+ + a n- u n- + b n u n . Under the assumptions that γ n , f n (u), a n , and b n are T-periodic sequences, they obtained the existence of homoclinic solution to () with Ambrosetti-Rabinowitz condition replaced by
where b >  and p >  are constants. In a recent paper, Lin and Zhou [] considered () for the higher dimensional case n ∈ Z m . By using the Mountain Pass lemma, they obtained the existence of homoclinic solution to () without periodic conditions on γ n f n (u) and with Ambrosetti-Rabinowitz condition replaced by (). However, they need the operator L -ω to be positive definite. For the general background of difference equations, one can refer to the monographs [] and [] . In this paper, we consider () for the case that L =  + δ  A + αI N is strongly indefinite, without periodic assumptions on γ n and H(n, u), and with Ambrosetti-Rabinowitz condition replaced by (). To the best of our knowledge, this is the first work on homoclinic solution without conditions (P)-(P). Without loss of generality, we assume that f (n, ) =  for n ∈ Z; then {U n } = {} is a solution of (), which is called the trivial solution.
As usual, we say that a solution U = {U n } of () is homoclinic (to ) if lim |n|→∞ U n = . By using a variant generalized weak linking theorem, we prove the existence of nontrivial homoclinic solution of () emanating from . This paper is organized as follows. In the next section, we give some preliminary results which will be used in the proof of the main results. The exact spectrum σ (L) of the linear operator L in l  (defined in Section ) is given. In this case, we can easily give the conditions
Our approach is based on an application of a variant and generalized weak linking theorem for strongly indefinite problem developed by Schechter and Zou [] , also see Chen and Ma [] . Thus, a variant generalized weak linking theorem is also given in this section.
To obtain a homoclinic solution of (), some compact condition is needed, so weighted sequence spaces l p η are also introduced in this section. In Section , we first make some assumptions on L, and then we can give an orthogonal decomposition of l  according to L. At last, under some assumptions on γ n and f (n, u), our main result is obtained by using the variant generalized weak linking theorem. Similarly, the existence of homoclinic periodic solutions for the discrete wave equation of the form
can also be considered.
As usual, | · | and (·, ·) denote the norm and the inner product in R N , respectively. We use c to represent positive constants which may change from line to line.
Preliminaries
In this section, we recall some basic facts which will be used in the proof of the main result.
Function spaces
Let
Then the following embeddings between l p spaces hold (see [] ):
For p = , l  is a Hilbert space with the inner product
For a positive real valued bounded sequence η = {η n :  < η n ≤η < ∞} n∈Z , we define the weighted sequence spaces l p η :
For a certain class of weight η, we have the following lemma (see [] ).
Lemma  Assume that the positive real valued sequence
Define the functional I on l  as follows:
Then I ∈ C  (l  , R) and, for any U, V ∈ l  ,
where C  (l  , R) denotes the set of functionals that are Fréchet differentiable and their
Fréchet derivatives are continuous on l  .
Equation () implies that () is the Euler-Lagrange equation for I. Therefore, to find a nontrivial homoclinic solution of (), one just needs to find a nonzero critical point of the functional I on l  .
Linking theorem
The abstract critical point theorem plays an important role in proving our main results. Let E be a Hilbert space with norm · and inner product ·, · and have an orthogonal decomposition E = N ⊕ N ⊥ , where N ∈ E is a closed and separable subspace. Since N is separable, we can define a new norm |v| ω satisfying |v| ω ≤ v for all v ∈ N and such that the topology induced by this norm is equivalent to the weak topology of N on bounded subset of N . For u = v + w ∈ E with v ∈ N and w ∈ N ⊥ , we define |u|
where E fin denotes various finite-dimensional subspaces of E whose exact dimension are irrelevant and depend on (s  , u  ). Denote
The variant weak linking theorem is the following.
Lemma  (see [])
The family of C  -functional {I λ } has the form
Assume that 
Spectrum results
In the following, we give some results as regards the spectrum of operator
It is well known that the eigenvalues of A are
and there is no other spectrum for A; see [] . For any U and V ∈ l  , we have
that is, - is a bounded self-adjoint operator on l  , and the spectrum σ (- ) is contained
. By direct calculation, it is not hard to see that
Main results
In this paper, we assume that  lies in a gap of σ (L), that is,
Note that assumption (S) is satisfied if
Indeed, if this is the case, we see that the two spectrum intervals
Noting that L is a bounded self-adjoint operator, and by assumption (S), we have the following assertion (see [] ).
There exist a closed subspace N of l  and a constant β >  such that
Throughout this paper, for any U ∈ l  , we always denote by U + and U -the vectors in l
Therefore, we have
which together with
For all U, V ∈ l  , U = U + + U -and V = V + + V -, we can define an equivalent inner product ·, · and the corresponding norm · in l  by
respectively. Therefore, I defined in () can be rewritten as
In order to apply Lemma , we consider the family of functional defined by
Then I λ ∈ C  (l  , R) and for any U, V ∈ l  ,
To continue the discussion, we make the following assumptions:
uniformly for n ∈ Z and u ∈ R; (A) F(n, u) ≥  for n ∈ Z and u ∈ R, and 
where p > ,  < < p -, and q ∈ (max{, p -}, p]. It is not hard to check that f  (n, u) and F  (n, u) satisfy (A)-(A) but do not satisfy the Ambrosetti-Rabinowitz superquadratic condition. The condition (A) is easy, for example, we consider that the sequence Proof It is easy to see that I λ maps bounded sets to bounded sets.
n → U n for any n ∈ Z. Using Fatou's lemma, we know
Thus, for any W ∈ l  with compact support, we have
Taking into account that the sequence {γ n ∇H(n, U
n )} n∈Z is bounded in l  , we may replace
That is, I λ is weakly sequentially continuous on l  .
To continue the discussion, we still need to verify condition (d) in Lemma . Indeed, we have (see [] ) the following.
Lemma  Assume that (S) and (A)-(A) hold, then one has the following:
(i) There exists ρ >  independent of λ ∈ [, ] such that
(ii) For fixed W ∈ E + with W =  and any λ ∈ [, ], there exists R > ρ such that
Proof (i) By conditions (A) and (A), we know that for any >  there exists c >  such that
which together with (A) implies
Consequently,
where p >  is the parameter in (A). By () and (), for any U ∈ E + and λ ∈ [, ], we have
whereγ = sup n∈Z γ n , and c >  is a constant independently with , U, and λ. The above inequality implies the conclusion.
(ii) Suppose by contradiction that there exists U (k) ∈ E -⊕ R + W such that I λ (U (k) ) >  for all k and U (k) → ∞ as k → ∞. Set
By (A) and (A), we have
Therefore,
It follows that W Combining (A) and γ n > , we have
as k → ∞, which contradicts (). The proof is completed.
Applying Lemmas , , and , we immediately obtain the following facts.
Lemma  Under assumptions (S) and (A)-(A), for almost all λ ∈ [, ], there exists a sequence {U (k) } such that
where Q and κ are defined in Lemma .
